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This note generalises Lawvere’s diagonal argument and fixed-point
theorem for cartesian categories in several ways. Firstly, by replacing
the categorical product with a general, possibly incoherent, magmoidal
product with sufficient diagonal arrows. This means that the diagonal
argument and fixed-point theorem can be interpreted in some sub-
structural type theories, and semantically in categories with a product
functor satisfying no coherence axioms, for instance relevance cate-
gories. The second way is by showing that both of Lawvere’s theorems
as stated for cartesian categories only concern the well-pointed quo-
tient, and giving a version of the fixed-point theorem in the internal
logic of an arbitrary regular category. Lastly, one can give a uniform
version of the fixed-point theorem if the magmoidal category has the
appropriate endomorphism object, and has a comonad (i.e. an (S4) ne-
cessity modality) allowing for potentially ‘discontinuous’ dependence
on the initial data.

Lawvere’s fixed-point theorem [Law06] is a result about carte-
sian closed categories whose contrapositive is an abstract, categor-
ical version of Cantor’s diagonal argument [Can92]. It says that if
A → YA is surjective on global points—every 1 → YA is a composite
1 → A → YA—then for every endomorphism σ : Y → Y there is
a fixed (global) point of Y not moved by σ. However, Lawvere goes
further and observes that the proof of his theorem does not really
use the closed structure affording the ‘internal hom’ objects YA, the
analogues of function sets. The internal hom only appears in the the-
orem statement; the first step in the proof is to uncurry a given map
A→ YA to the corresponding A×A→ Y, from which the fixed point
is constructed. It should be noted that diagonal copy of A inside
A×A plays a crucial rôle in the construction. Thus with appropriate
unwinding of the defintions involved, the theorem makes sense in
an arbitrary category with finite products: a cartesian category [LS09,
Session 29.2]. This point of view is taken in [Yan03], where other
small variations are also made to the setup, but still in the setting of a
cartesian category.

On the face of it, this seems like the ultimate version of the diag-
onal argument: one needs the terminal object 1 (a 0-ary product) to
talk about global points, and the binary products to talk about the
function A×A → Y to which diagonalisation is applied. However,
closer inspection of the proof makes it clear that it never uses the
projection maps pr1, pr2 : A × A → A that characterise cartesian
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categories among the more general monoidal categories. Further, the
universal property of the product is never used aside from ensuring
the existence of the natural diagonal map A→ A×A.

Thus one might ask if the proof makes sense in a more general
monoidal category, with additional, explicitly-specified data playing
the role of the diagonal maps. It does indeed, and Lawvere’s proof
in the cartesian case applies, practically verbatim, to more general
monoidal categories with diagonals. A second, even closer, inspec-
tion shows that the monoidal coherence structure, the data consist-
ing of the isomorphisms (A ⊗ B) ⊗ C ' A ⊗ (B ⊗ C) and so on,
is never used. Similarly, the first instinct is to replace the terminal
object 1 with the more general monoidal unit I, since the terminal
object is the monoidal unit in the cartesian case. But the proof uses
no monoidal properties of I whatsoever, and so one can just fix an ar-
bitrary object t to play the domain of ‘generalised elements’ t → A.2 2 For instance one can consider the

category of partial functions N ⇀ N,
where there is no terminal object, and
take t = N.

In this note I will supply what seems like the minimal structure that
supports both of Lawvere’s results, together with variations on the
theme of working with weaker assumptions.
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1 Products in a general setting

This section serves to give the main technical definitions needed
for the paper; the next section will give some examples. As noted
above, the projection maps afforded by finite products are not used
in the proof of the diagonal argument or the fixed-point theorem, nor
associativity up to isomorphism. The only structure that appears to
be needed is the following:

Definition 1. ([Dav07]) A pointed magmoidal category is a category
C equipped with a functor # : C× C → C and a chosen object t. A
magmoidal category is said to have diagonals if there is a natural
transformation δ : idC ⇒ # ◦∆C.

Another way to phrase the existence of diagonals on a magmoidal
category is that every object X is equipped with the structure of
an internal comagma (an arbitrary binary co-operation morphism
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X → X#X), and such that every morphism X → Y of the category is
a map of comagmas. The most general statement to be considered
in this note will not need the full structure of diagonals on the mag-
moidal category, which can be considered as a global structure on
C. Instead, one can ask for local structure, namely that t is equipped
with a comagma structure, a the results concern a comagma object
A such that every morphism t → A is a comagma map. This is a
reasonable generalisation as there are magmoidal categories of inter-
est, for instance monoidal categories with (non-natural) diagonals in
the sense of [Sel99], where requiring natural diagonals for all objects
(known as “uniform cloning” in the setting of categorical quantum
mechanics) leads to strong constraints on the monoidal structure (eg
[Abr10], in the closed setting).

For the purposes of section 7 below, a little extra structure is
needed.

Definition 2. Fix a magmoidal category (C, #) and a pair of objects
X, Y. An internal hom object YX is a representing object for the functor
C(−#X, Y) : C → Set. Concretely, this means there is an object YX, an
evaluation map YX#X→ Y such that the assignment

(W
f−→ YX) 7→ (W#X f# id−−−→ YX#X→ Y

ev−→ Y)

is a defines a natural isomorphism. If we take X = Y, then XX will be
called the internal endomorphism object.

One way to get such an internal hom object is to demand the the
magmoidal object is (right) closed: for every object X the functor
(−)#X : C → C has a right adjoint (−)X : C → C. This notion of closed
magmoidal category was discussed with a view towards functional
programming by Milewski [Mil14] under the name magmatic category,
and again in [Wij17], in the context of getting a graphical calculus for
biclosed magmoidal categories, in the style of Baez and Stay [BS11].

2 Examples of magmoidal categories

Aside from cartesian monoidal categories, those where the product
is the categorical product, there are a number of nontrivial examples,
both of a general nature, and arising from the literature. The rough
idea is that one should be looking at categories that are able to give
a semantic interpretation for some form of substructural type theory
(eg [Wal05]), where one is not insisting on the Exchange or Weaken-
ing rules.

Such categories can be seen as generalising the algebraic semantics
of relevance logic [Res00], for instance Church monoids [Mey72] or
Ackermann groupoids3 with the additional rule a ≤ a · a [MR72]. 3 AKA magmas, not categories where

all morphisms are invertible
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Here a · b interprets intensional conjunction (or fusion) in relevance
logic, so one could see the product in a magmoidal category as giv-
ing a refinement, à la Curry–Howard propositions-as-types, to richer
interpretations of relevant types. Church monoids and Ackermann
groupoids with diagonal give rise to partially ordered sets with an
additional magma operation, hence magmoidal categories with di-
agonals, with at most one morphism between any two objects. The
magmoidal categories arising from Church monoids are additionally
closed, coming from residuation.

However, the partial orders that form algebraic semantics as stud-
ied in the relevance logic literature are a little too degenerate for our
purposes. The relevance monoidal categories of [DP07] give exam-
ples of magmoidal categories with diagonal, though they are much
more restrictive (cf also [Sza78; Vas11] and [Mer93, §3.2.2]). There
is also ongoing work linking Dialectica-type categories to relevance
logic that should form an example [deP18; deP20], though currently
details are still forthcoming.

We can give a list of more concrete examples and constructions, to
help anchor the reader’s intuition.

Example 3. The category of pointed sets and functions, with smash
product, is monoidal with diagonals. Recall that the smash product
of pointed sets (X, x0)∧ (Y,y0) is defined to be the quotient of X× Y
by the equivalence relation where we declare all elements of the
form (x0,y) and (x,y0) to be equivalent, for arbitrary x and y. The
diagonal map for (X, x0) is given by the composite (X, x0) → (X×
X, (x0, x0)) → (X∧X, [x0, x0]).

Recall that the category of pointed sets and pointed (total) func-
tions is equivalent to the category Setpartial of sets and partially-
defined functions, whereby the functor Setpartial → Set∗ take a set
X and adds a new element, X t ⊥X, to be the base point, and for a
partial function f : X → Y this functor sends all elements outside of
the domain of f to ⊥Y (including ⊥X).

We mention in passing that arbitrary monoidal categories—and
even skew monoidal categories [Szl12]—with diagonals are of course
examples. For a reasonably sophisticated example, the consider the
category of complete lattices (that is, posets with suprema of all sub-
sets) with strict morphisms: those preserving the bottom element and
suprema of all directed subsets [Jac93]. Another is the category of
‘worlds’ in the sense of [OHe+95], which is monoidal with diagonals
and projections—but not cartesian, as diagonal followed by either
projection is not the identity morphism.

Example 4. Consider a category with finite products, for instance the
category of sets, or even just the category of countable sets.4 Then the 4 in an ambient set theory without

Choice, one should instead take counted
sets—those with a bijection with a
subset of N—otherwise finite products
could fail to exist
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subcategory consisting of all the objects but just the monomorphisms
(i.e. injections in the case of sets) with the cartesian product is mag-
moidal with diagonals. The only projections that guaranteed to exist
are those mapping out of products with the terminal object.

Given the hovering presence of relevance logic, sets and injections
seem like they capture some intuition about implications not being
allowed to delete information. However, this vague analogy will not
be developed futher here. If a given monoidal category with diagonals
always has the diagonal maps being monomorphisms, then this
construction can be generalised to that case.

Example 5. Consider a symmetric monoidal category (C,⊗, I) (for
instance that of vector spaces), and the category CoSemigrpcocom(C)

of cocommutative cosemigroup5 objects in C. This is monoidal, and 5 recall that this means being equipped
with a coassociative comultiplication,
but no counit object in general

the comultiplication map ∆ : A → A⊗A is a map of cosemigroups.
Further, every map of cosemigroups A → B turns out to be compati-
ble with comultiplication6, and thus ∆ is natural as needed. 6 the proof is the same as the case of

commutative comonoids in a symmetric
monoidal categoryThe category of cocommutative comonoids7 in a symmetric monoidal
7 hence with a two-sided counitcategory is cartesian monoidal, but removing the counital axiom

means we can get a more general monoidal category, while retaining
the diagonals.

The last general construction will concern a construction that takes
a monoidal category with diagonals, for instance a category with
finite products.

Example 6. Suppose T : C → C is a pointed endofunctor equipped
with a natural transformation ι : idC ⇒ T , on a monoidal category
(C,⊗) with diagonals (for instance a category with finite products).
We can define a new magmoidal product T# by AT#B := T(A)⊗ B.
This still has diagonals, since we can use ιA to get A → A⊗ A →
T(A)⊗A.

Similarly one has a new magmoidal product #T , given by A#TB :=

A⊗ T(B), which also has diagonals.

As a concrete example, one can consider the slice category Set/X,
together with the functor sending an object (A→ X) to (pr2 : A×X→
X). The product on Set/X is the categorical product, given here by
(A → X)× (B → X) := (A×X B → X) Then the new, magmoidal

product is, on objects, (A → X)T#(B → X) = (A× B
pr2−−→ B → X).

There are diagonals, given by the usual diagonal A → A×A, taken
as morphisms over X. This example is even magmoidal closed, where
the internal hom is given by

(C→ X)(B→X) := pr2 : homX(B,C)× X→ X

where homX(B,C) is the set of functions B→ C over X.8 8 compare to the usual cartesian closed
structure, in which the internal hom is
the dependent product
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Another variation is the full subcategory with objects the surjective
functions A � X. Yet another is to take this variation and restrict to
the injective functions over X.

A different example is given by the category of pointed sets with
smash product, where the endofunctor T is taken to be (on objects)
(X, x0) 7→ (Xt {⊥X},⊥X). Then the new magmoidal product is

(X, x0)#T (Y,y0) := (X× Y)/((x0,y) ∼ (x0,y ′))

This is magmoidal closed, where one takes the internal hom (Y,y0)(Z,z0)

to consist of all functions, and be pointed by the function constant at
z0.

I hope it is clear from this bevy of examples there are plenty of
nontrivial instances to play with.

3 The diagonal argument in the magmoidal setting

For the following we shall fix a pointed magmoidal category with
diagonals (C, #, δ, t).

In the cartesian setting, a map A× B → C can be viewed as an
A-parameterised family of maps B → C; in the cartesian closed case
this is of course equivalent to a map A → CB. In our setting of a
magmoidal category, we still want to think of a morphism A#B → C

as being an A-parametrised family of maps B→ C.
How does one see this? Given any a : t → A, hence supposedly

picking out one such map, then for any b : t→ B we get

F(a,b) : t δ−→ t#t a#b−−→ A#B F−→ C

So, if we think of a as being an element of A, then we have an assign-
ment of elements b 7→ F(a,b).

We can ask whether, for a given A, one can find every map B → C

inside some given A-parametrised family A#B → C, up to equality
defined by considering t-points.

Definition 7. In any magmoidal category with diagonals (C, #, δ, t),
a map F : A#B → C is an incomplete parametrisation of maps B → C

if there exists an f : B → C such that for all a : t → A, there is some
b : t→ B with f ◦ b 6= F ◦ (a#b) ◦ δ : t→ C.

Finally, let us say that an endomorphism σ : C → C in a category
is t-free if for all c : t → C, σ ◦ c 6= c. Notice that if there is a t-free
endomorphism, then t is not an inital object.

Theorem 8. For (C, #, δ, t) a pointed magmoidal category with diag-
onals, and σ : C → C a free endomorphism, every F : A#A → C is an
incomplete parametrisation of maps A→ C.
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Some non-degeneracy hypothesis? Something like needing some or XXXXXXX
enough maps to start with? Eg there exists at least one or even more
than one t → A? We don’t want something like A = ∅ (t cannot be
initial as C is meant to be well-pointed) and so that ‘incomplete param’
is vacuously true. . . Note that in the case of sets, ∅ → {0, 1}∅ = 2 is still
not surjective.

Proof. Define f = σ ◦ F ◦ δA. Then for all a : t → A, we can take
b = a, in the definition of imcomplete parametrisation. This gives the
following (non-commutative!) diagram

A
δ // A#A F // C

σ

��

t
δ
//

a

>>

t#t
a#a

<<

6=
C

t
δ
// t#t

a#a
// A#A

F

==

This recovers the diagonal argument given by Lawvere, if we take
C to be a cartesian monoidal category, and t = 1, the terminal object.

Remark 9. The argument of course is extremely ‘local’, in that the
only instance of naturality for δ needed is that all morphisms t → A

are comagma morphisms, thinking of the diagonal maps as the struc-
ture of an internal comagma. It is conceivable that A is a special kind
of object in a category where diagonals don’t exist for all objects.

There is a further variation, pointed out by Yanofsky in [Yan03],
where one has an auxiliary map p : A→ B with a section s : B→ A.

Theorem 10. In the situation of Theorem 8, given a morphism
p : B → A with a section s : A → B (so that p ◦ s = idA), every
F : A#B→ C is an incomplete parametrisation of maps B→ C.

Proof. In the defintion of incomplete parametrisation, we take f : B →
C to be the composite F ◦ (id #p) ◦ δA ◦ s and for a given a : t→ A, we
take b = s ◦ a:

B
δB // B#B

p# id
// A#B F // C

σ

��

A δA //

s

OO

A#A

s#s

OO

id #s

;;

C

t

a

OO

δt

// t#t

a#a

OO

s◦a#a
// A#B

F

==6=

where we have used naturality of δ twice, with respect to a and s.
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4 The fixed-point theorem in the magmoidal setting

We start with a version of the fixed-point theorem in the setting of
the previous section, but will go on to prove some more variations
below.

Yanofsky points out [Yan03, Remark 5] that one doesn’t require
the global quantifier ∀f : A → B as Lawvere has in his definition of
‘weakly point surjective’—the proof only requires quantifying over
only those that factor as F ◦ δ : A → B followed by some B → B.
Here we go one step further an remove this quantifier altogether,
since the construction of the fixed point doesn’t require universal
quantification over any such collection of functions.

Theorem 11. Let (C, #, δ, t) be a pointed magmoidal category with
diagonals and F : A#A→ C and σ : C→ C be maps such that

∃a0 : t→ A

∀a : t→ A

σ ◦ F ◦ δA ◦ a = F ◦ a0#a ◦ δt.

Then the map c := β ◦ F ◦ δ ◦ a0 : t→ C satisfies σ ◦ c = c.

One can think of this as saying: “if there is some a0 ∈ A such that
F(a0,−) = σ ◦ F ◦ δA, then σ has a fixed point”, and further, the fixed
point is an explicit function of a0.

Proof. Consider the following commutative diagram:

t
a0 // A

δA // A×A F // C
σ // C

σ // C

t
δt // t#t

a0#a0 // A#A F // C
σ // C

t
a0
// A

δA

// A#A
F

// C
σ
// C

where we have used the defining property of a0 in the top left rectan-
gle, and naturality of δ in the bottom left rectangle.

We can also do a version of the fixed-point theorem, taking into ac-
count the Yanofsky variation, involving the map p : B → A. But here
we do not need to assume p is split, but merely that it is surjective on
t-points.

Theorem 12. Let (C, #, δ, t) be a pointed magmoidal category with
diagonals, p : B → A a map such that every a : t → A lifts through p
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to ba : t→ B, and F : A#A→ B and σ : B→ B be maps such that

∃a : t→ A

∀b : t→ B

σ ◦ F ◦ (p# id) ◦ δB ◦ b = F ◦ a#b ◦ δt.

Then c := σ ◦ F ◦ (p# id) ◦ δB ◦ ba : t→ C satisfies σ ◦ c = σ.

Proof. Given a in the hypotheses, consider a corresponding ba : 1 →
B. Then the following diagram commutes

B
δB // B#B

p# id
// A#B F // C

σ // C
σ // C

t

ba

OO

δt // t#t
a#ba // A#B

F

==

t
δt // t#t

ba#ba // B#B
p# id

// A#B F // C
σ // C

t
ba

// B
δB

// B#B
p# id

// A#B
F
// C

σ
// C

proving the claim.

5 Reduction to a concrete category in the cartesian setting

If one reads Yanofsky’s survey [Yan03] of results flowing from Law-
vere’s theorems, then the two results are stated outright in terms of
sets and functions. This is in stark contrast to Lawvere’s austere, pure
category-theoretic treatment, nowhere mentioning sets except in ap-
plications; Cantor’s theorem on unboundedly-large cardinalities is
a prototypical case. Yanofsky is completely self-aware around this
seeming lack of generality:

It is here that we get in trouble ignoring the category theory that is
necessary. In the examples that we will do, the objects we will be
dealing with have more structure than just sets and the functions
between the objects are required to preserve that structure. [Yan03,
Remark 4]

Even so, there is still some distance between structured sets and
structure-preserving functions, and a general cartesian category.
However, if one examines what Lawvere’s theorems say, it becomes
apparent that they are actually theorems about the concrete quotient
of the given cartesian category. This is because of the following
construction. Given a category C and a fixed object t, the functor

C(t,−): C → Set factors as a composite C
Q−→ C=t

|−|−−→ Set where Q
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is full and bijective on objects, and |− | is faithful. More concretely,
we can define C∼ to have the same objects as C, and define a congru-
ence =t on the morphisms of C, so that f,g : X → Y are equivalent
precisely when, for all x : t → X, f ◦ x = g ◦ x. Thus we can see that C

is something like an extensional quotient, except ‘elements’ here means
t-points: morphisms from the fixed object t. This concept is more
familiar in computer science, for instance, than classical mathematics,
whereby different programs (considered as morphisms in some cat-
egory, for instance) have the same output on all inputs. As a conse-
quence of the construction of C=t , we have C(t,X) ' C=t(Qt,QX) for
all objects X of C, and even stronger, |− | = C=t(Qt,−) as functors. It
is a short exercise to check that if C is a cartesian category, then C=t

is a cartesian category, and Q and |− | preserve finite products. For
a cartesian category, then there is a canonical concrete category, also
cartesian, whose objects can be considered as sets with structure, and
morphisms are functions preserving that structure. Even better, the
underlying set of a product in this concrete category is the product of
the underlying sets, a fact which doesn’t hold in arbitrary cartesian
concrete categories.

The statements of Lawvere’s diagonal argument and fixed point
theorem both only involve global points of cartesian categories (hence
taking t to be a terminal object 1), and so are really statements about
the concrete cartesian category C=1 . Thus the apparent lack of gen-
erality of Yanofsky’s treatment, modulo the acknowledged reduced
emphasis on sets-with-structure, is no real restriction at all.

The possibility of using generalised elements is not new. For ex-
ample [Mul89], in working up to a Lawvere-style fixed-point theo-
rem, also allows t-points instead of global elements, which he calls
t-paths.9 Specifically is interested in the case that t = N is a natural 9 thinking of the prototypical case

t = N, and N→ X as defining a ‘path’
in X.

numbers object or similar. Thus he refers to a map f : X → Y being
t-path surjective when f∗ : C(t,X) → C(t, Y) is a surjective function.
However, this concept is mostly just used in the background setup
constructions, but not once Lawvere’s fixed-point theorem is invoked.

6 The fixed-point theorem the internal logic of a regular category

The logical structure of the fixed point theorem is so limited that we
can reason in the internal logic of a regular category [But98], which is
the regular fragment of first-order logic, dealing with just conjunction
∧, truth >, and existential quantifiers ∃. Working in the internal logic
of a category is a generalisation of working with Kripke semantics,
namely a rich alternative semantics whereby existential quantifiers
are instantiated by passing to a slice category via the pullback func-
tor associated to a regular epimorphism. As we have seen above, the
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fixed point theorem can be written in such a way so that there is one
(bounded) existential quantifier, namely over the ‘set’ of indices of
maps. The data going into the theorem statement is a two-variable
function and an endomorphism of its domain. The existential quan-
tifier means passing up some regular epimorphism t � 1 and then
getting a t-point. The fixed point is then constructed algebraically
from this, as before.

Theorem 13. Let C be a regular category, and fix a pair of morphisms
F : A × A → C and σ : C → C. Assume there exists a morphism
a0 : t → A such that !t : t � 1 is a regular epimorphism and the
diagram10 10 the top row of this rectangle can be

considered as the map F(a0,−)
t×Aa0×idA//

pr2
��

A×A F // C

A
δA

// A×A
F
// C

σ

OO

commutes. Then the composite c := σ ◦ F ◦ δA ◦ a0 : t → C satisfies
σ ◦ c = c.

Proof. Consider the following commutative diagram:

t

δt
��

a0 // A
δA // A×A F // C

σ // C
σ // C

t× t
idt ×a0

// t×A pr2
// A

δA

// A×A F // C
σ // C

σ // C

t× t // t×A
a0×idA

// A×A
F

// C
σ
// C

t× t
a0×a0

// A×A
F

// C
σ

// C

But as δ is a natural transformation, (a0 × a0) ◦ δt = δA ◦ a0, so
that the composite along the left and bottom edges is again c =

σ ◦ F ◦ δA ◦ a0, as required.

If C is well-pointed, in the sense that 1 is regular-projective and a
separator, then C is concrete, and the regular epimorphism t → 1 has
a section 1 → t. Then the t-point a in the proof gives rise to a global
point 1 → t → A, and we recover Lawvere’s fixed-point theorem.11 11 One question is whether one can do

the diagonal theorem in a similar weak
internal logic setting. Here it is trickier,
since one has to quantify over all points
of a ‘set’ with an endomorphism (that
is, the endo is free). But then there is no
existential quantifier!

However, the theorem as formulated like this is an unravelling of the
direct translation of Lawvere’s theorem into the internal language of
C.

Notice that the fact the top left rectangle commutes depends only
on the naturality of the projection morphism pr2 (here, with respect
to a0), and the identity pr2 ◦δ = id. In particular it doesn’t use
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the left projection pr1 at all, and so this is superfluous data. We can
then consider magmoidal categories with diagonal and right projec-
tion only, where right projection means a system of natural maps
pr2 : A#B → B such that pr2 ◦δ = id. Such magmoidal categories
do not need to be symmetric, and indeed, symmetry is not used in
the proof of Theorem 13. If one has a magmoidal category with di-
agonal and right and left projections, then the magmoidal structure is
automatically cartesian.

Example 14. Recall that given a monoidal category (C,⊗) with a
pointed endofunctor T , there is a magmoidal struture on C defined
by AT#B := T(A)⊗ B. If the monoidal structure is cartesian, then, in
addition to diagonals, the magmoidal structure has natural projection
maps pr2 : AT#B→ B.

7 Getting a uniform construction of the fixed point

If we are in a (right) closed magmoidal category with diagonals,
then we can make the construction of the fixed point to be an actual
higher-order function. That is, if the existential in the fixed-point
theorem is replaced by a morphism, CC → A, which we can interpret
as sending an endomorphism σ to the ‘index’ a0 ∈ A so that σ ◦ Fδ ◦
a = F ◦ a0#a ◦ δt. More generally, this could also depend on F. The
end result should be a function CC → C returning the fixed point of
each endomorphism.

In fact we can be a little more flexible; it might be that there is
a function picking the index a0, but it is “discontinuous” in its ar-
gument. This can be achieved by having the ambient category C be
equipped with a idempotent comonad [ : C → C, similar to how
Shulman [Shu18] implements ‘crisp’ variables in real-cohesive type
theory (see also [Lic+18]).12 Such a comonad implements an S4-type 12 The ‘flat modality’ has also been

implemented in the formal proof
assistant Agda [Tea21].

modality, crucially that one has a natural map eX : [(X) → X. One
should also compare with the treatment in [Res93] of modalities in
the substructural setting.

Definition 15. Let (C, #) be a magmoidal category. An endofunctor
[ : C → C is an idempotent comonad if there is a natural transformation
eX : [(X) → X and a natural isomorphism mX : [(X) → [([(X)),13 such 13 These maps can be seen to be the

analogues of the S4 axioms from modal
logic

that

(CA) m[X ◦mX = [(mX) ◦mX

(CU) e[X ◦mX = [(eX) ◦mX

If we further have the data of natural isomorphisms µX,Y : [(X#Y) →
[(X)#[(Y), satisfying



substructural fixed-point theorems and the diagonal argument 13

(MA) µ[X,[Y ◦ [(µX,Y) ◦mX#Y = (mX#mY) ◦ µX,Y

(MU) eX#Y = (eX#eY) ◦ µX,Y

then we say [ is an opmonoidal comonad.

One possibility is that [ = idC (and all of eX,mX—and µX,Y if it
is present—are identity maps), so that the more general version here
incorporates the purely uniform version. For ease of reference I will
adopt Shulman’s terminology and call a morphism [(X) → Y a crisp
morphism from X to Y, or just crisp. Note that I leave the dependence
on [ implicity, which leaves open the possibility that [ = idC, so that a
crisp morphism may yet be an ordinary morphism of C.

Then the index function can be [(CC) → A, making a a crisp
function of σ, or the section of p : B → A could be s : [(A) → B, with
p ◦ s = eA, so that ba as in Theorem 12 is a function of a, but a crisp
one. In this setting, we get a morphism [(CC) → C that can be seen
as sending an endomorphism to its fixed point, but in a crisp way.
This is reminiscent of the version of Brouwer’s fixed point theorem in
real-cohesive type theory [Shu18], whereby the fixed point becomes a
crisp function of the endomorphism .

Theorem 16. Let (C, #, δ) be a magmoidal category with diagonals,
equipped with an idempotent comonad [. Assume given an epimor-
phism p : B → A with section s, and morphisms F : A× B → C such
that the object CC exists, with evaluation map ev : CC#C→ C.

If there is a morphism idx[ : [(CC) → A such that

[(CC)#B idx[ # id //

e#(p# id)δB
��

A#B

F

��

CC#(A#B)
id #F

// CC#C ev
// C

Then the crisp morphism fix[, defined as the composite

[(CC)
δ // [(CC)#[(CC) id # idx[// [(CC)#A e#δ // CC#(A#A)

id #(id #s)
// CC#(A#B) id #F // CC#C ev // C ,

returns the fixed point of an endomorphism of C, in the sense that

[(CC)
fix[ //

δ
��

C

[(CC)#[(CC)
e# fix[

// CC#C .

ev

OO

Proof. Write the endomorphism object as E := CC for simplicity. We
can find a new expression for fix[, namely fix[ = F ◦ (id #s) ◦ δ ◦ idx[.
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This is shown by considering the diagram, the top edge of which
composes to fix[, and using the assumption on idx[ for the bottom
right rectangle:

[(E)
δ // [(E)#[(E) id # idx[// [(E)#A e#δ // E#(A#A)

id #(id #s)
//

id #(s#s)

&&

E#(A#B) id #F // E#C ev // C

[(E)#A id #s //

idx[ # id
��

[(E)#B
e#δ
//

idx[ # id
��

E#(B#B)
id #(p# id)

// E#(A#B)
id #F

// E#C ev
// C

[(E)
idx[

// A
δ

// A#A
id #s

// A#B
F

// C .

We can then use this expression for fix[ in the bottom rectangle of the
following diagram

[(E)

δ

��

fix[ // C

[(E)#[(E) id # idx[// [(E)#A

e#δ
%%

[(E)#[(E)
e# idx[

// E#A
id #δ

// E#(A#A)
id #(id #s)

// E#(A#B)
id #F

// E#C

ev

OO

[(E)#[(E)
e# fix[

// E#C

to get the required identity.

Remark 17. If one also has the data of a crisp section s[ : [(A) → B,
then much the same argument applies, if we define fix[ as

[(CC)
(id #m)◦δ

// [(CC)#[[(CC) e# idx[ // CC#[(A)
id #[(e#s[)◦δ]

// CC#(A#B) id #F // CC#C ev // C .

The only change is some judicious insertions of m, so as to get com-

posites of the form [(CC)
m−→ [[(CC)

[(idx[)−−−−→ [(A)
s[−→ B. Conversely, if

one has crisp s[ but plain idx : CC → A, then again version of fix[ can
be defined. In this case, m is not needed, since it suffices to consider

composites of the form [(CC)
[(idx)−−−−→ [(A)

s[−→ A.

Remark 18. The proof of Theorem 16 does not in fact use the full
comonad structure: it only requires the structure of [ together with
the natural transformation e, which corresponds to the modal logic T ,
rather than S4.
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